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Abstrat
The question studied here is the behavior of the Poisson braket
under C0-perturbations. In this purpose, we introdue the notion of
pseudo-representation and prove that the limit of a onverging pseudo-
representation of any normed Lie algebra is a representation.
An unexpeted onsequene of this result is that for many non-
losed sympleti manifolds (inluding otangent bundles), the group
of Hamiltonian dieomorphisms (with no assumptions on supports)
has no C−1 bi-invariant metri. Our methods also provide a new proof
of Gromov-Eliashberg Theorem, it is to say that the group of symple-
ti dieomorphisms is C0-losed in the group of all dieomorphisms.
1 Statement of results
1.1 Poisson Brakets and C0-onvergene
We onsider a sympleti manifold (M,ω). A funtion H on M will be
said normalized if
∫
M
Hωn = 0 for M losed or if H has ompat support
otherwise. We will denote C∞0 (M) the set of normalized smooth funtions.
Endowed with the Poisson brakets {·, ·}, it has the struture of a Lie algebra.
In the whole paper, we will denote XH the sympleti gradient of a smooth
funtion H , i.e., the only vetor eld satisfying dH = ιXHω. Then, the
Poisson brakets are given by {H,K} = dH(XK).
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Let g be a normed Lie algebra, i.e., a Lie algebra endowed with a norm
‖ · ‖ suh that for some onstant C,
‖[f, g]‖ 6 C‖f‖ · ‖g‖,
and onsider the following denition.
Denition 1. A sequene of linear maps
ρn : (g, ‖ · ‖) → (C∞0 (M), ‖ · ‖C0),
will be alled a pseudo-representation if the sequene of bilinear maps
Bn : (f, g) 7→ {ρn(f), ρn(g)} − ρn([f, g])
onverges to 0.
If it has a limit, we may ask whether this limit is a representation. If so,
we would have
{ρn(f), ρn(g)} → {ρ(f), ρ(g)}, for all f, g ∈ g.
This has been proved in [1℄ for abelian Lie algebras. The main result of this
paper is that it holds for all normed Lie algebras.
Theorem 2. For any normed Lie algebra (in partiular for nite dimensional
Lie algebras), the limit of a onverging pseudo-representation is a represen-
tation.
Remark 1. This result generalizes Gromov-Eliashberg's Theorem of C0 lo-
sure of the sympletomorphisms group in the group of dieomorphisms.
Indeed, a dieomorphism of R
2n
is sympleti if and only if its oordinate
funtions (fi), (gi) satisfy
{fi, gj} = δij , {fi, fj} = {gi, gj} = 0.
Thus we an easily see that a sequene of sympletomorphisms gives a pseudo-
representation of a 2-nilpotent Lie algebra. If the support of the oordinate
funtions were ompat, we ould immediately apply Theorem 2. In fat,
for ompatly supported sympletomorphisms, these funtions are ane at
innity, and we have to adapt the proof to this ase (See Appendix A for
details).
Remark 2. Consider the following question: If Fn, Gn and {Fn, Gn} respe-
tively onverge to F , G and H (all funtion being smooth and normalized,
and all onvergene being in the C0 sense), is it true that {F,G} = H ?
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Theorem 2 states that the answer is positive when there is some Lie algebra
struture. Nevertheless, in general, the answer is negative, as shows the
following example, whih is derived from Polterovih's example presented in
Setion 2.3. Let χ be a ompatly supported smooth funtion on R, and set
the following funtions on R
2
:
Fn(q, p) =
χ(p)√
n
cos(nq),
Gn(q, p) =
χ(p)√
n
sin(nq).
It is easy to see that Fn and Gn onverge to 0, but that their Poisson brakets
equal χ(p)χ′(p) 6= 0.
This example shows that when the Poisson brakets C0-onverge, then
its limit is not neessarily the brakets of the respetive limits. But in that
ase, we an see that the Hamiltonians Fn and Gn do not generate a pseudo-
representation.
Remark 3. The theorem holds if we replae the sympleti manifold with a
general Poisson manifold. Indeed, Poisson manifolds are foliated by Poisson
submanifolds that are sympleti, and we just have to apply theorem 2 to
eah leaf.
Remark 4. The theorem leads us to the following
Denition 3. A ontinuous Hamiltonian representation of a normed Lie
algebra g is a ontinuous linear map g → C0(M) whih is the C0-limit of
some pseudo-representation of g.
We will not study this notion further in this paper. Nevertheless let us
give some example:
Example: Let ρ : g → C∞0 (M) be a smooth Hamiltonian representation in
the usual sense, and let ϕ be a homeomorphism of M whih is the C0-limit
of a sequene of sympletomorphisms. Then, ρ′ : g → C0(M), given by
ρ′(g) = ρ(g) ◦ ϕ, is learly a ontinuous Hamiltonian representation.
Question 1: Given two sequenes of Hamiltonians (Fn), (Gn) that C
0
-onverge
to smooth F and G, is there some suient ondition for the braket {F,G}
not to be the limit of the brakets {Fn, Gn}? Propositions 12 and 13 give
restritions on the possible ounter- examples.
Question 2: Let us onsider the following number introdued by Entov,
Polterovih and Zapolsky in [2℄:
Υ(F,G) = lim inf
ε→0
{‖{F ′, G′}‖ | ‖F − F ′‖C0 < ε, ‖G−G′‖C0 < ε}
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The result of Cardin and Viterbo mentioned above whih is exatly Theorem
2 in the abelian ase an be restated as follows:
Υ(F,G) > 0 if and only if {F,G} 6= 0.
Entov, Polterovih and Zapolsky have improved this result by giving expliit
lower bounds on Υ(F,G), in terms of quasi-states (see [2℄ and [16℄). We may
wonder whether there exist similar inequalities in the non abelian ase.
1.2 Bi-invariant Metris
Here we onsider a subgroup G of the group H(M) of Hamiltonian dieomor-
phisms on M . If we denote φtH the ow generated by XH (when it exists),
and φH = φ
1
H the time-1 map, H(M) is the set of all dieomorphisms φ
for whih it exists a path of Hamiltonian funtions Ht ∈ C∞(M) suh that
φ = φH .
Denition 4. A bi-invariant metri on G is a distane d on G suh that for
any φ, ψ, χ in G,
d(φ, ψ) = d(φχ, ψχ) = d(χφ, χψ).
It will be said C−1 if its omposition with the map Φ : H 7→ φ1H is a ontinuous
map Φ−1(G) × Φ−1(G) → R, where Φ−1(G) ⊂ Ham is endowed with the
ompat-open topology.
There are several well known examples of C−1 bi-invariant metris, as,
for example, Hofer's metri dened on the subgroup Hamiltonian dieomor-
phisms generated by ompatly supported funtions Hc(M) (see [4℄ or [7℄),
Viterbo's metri dened on Hc(R2n) (see [15℄), and its analogous version
dened by Shwarz in [12℄ for sympletially aspherial losed sympleti
manifolds.
As far as we know, if we remove the assumption of ompatness of the
support, the question whether there exists suh metris is still open. Here
we prove that the answer is negative for a large lass of sympleti manifolds.
Let (N, ξ) be a ontat manifold with ontat form α (i.e., a smooth
manifold N with a smooth hyperplane setion ξ whih is loally the kernel of
a 1-form α whose dierential dα is non-degenerate on ξ). Its sympletization
is by denition the sympleti manifold SN = R × N endowed with the
sympleti form ω = d(esα), where s denotes the R-oordinate in R×N . For
any ontat form α, one an dene the Reeb vetor eld XR by the identities
ιXRdα and α(XR) = 1. The trajetories of XR are alled harateristis. The
question of the existene of a losed harateristi onstitutes the famous
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Weinstein's onjeture. It has now been proved for large lasses of ontat
manifolds (see e.g. [3, 5, 6, 11, 10, 14, 13℄...).
Let us now state our result that will be proved in setion 2.3
Theorem 5. If M is the sympletization of a ontat manifold whose di-
mension is at least 3 and that admits a losed harateristi, then there is no
C−1 bi-invariant metri on H(M).
Corollary 6. If N is a smooth manifold whose dimension is at least 2 and
if T ∗N is its otangent bundle, then there is no C−1 bi-invariant metri on
H(T ∗N).
Remark. At least in the ase of manifolds of nite volume, there proba-
bly exists non losed manifolds with suh distanes. Indeed, it follows from
our previous work [8℄ that Viterbo's metri extends to Hamiltonians fun-
tions smooth out of a "small" ompat set. Replaing Viterbo's metri with
Shwarz's metri, we an reasonably expet to have: If M2n is a losed sym-
pletially aspherial manifold and K is a losed submanifold of dimension
6 n− 2, then Shwarz's metri on H(M) extends to H(M −K).
2 Proofs
2.1 Identities for Hamiltonian pseudo-representations
Lemma 7. Let ρn be a bounded (not neessarily onverging) pseudo-representation
of a normed Lie algebra g. Let f, g ∈ g, then the sequene of Hamiltonian
funtions
ρn(f) ◦ φsρn(g) −
+∞∑
j=0
ρn(ad(g)
jf)
sj
j!
onverges to zero for the C0-norm on M . Moreover, the onvergene is uni-
form over the s's in any ompat interval.
Remark: For a representation equality holds. It realls the Baker-Campbell-
Haussdorf formula.
Proof: First remark that the onsidered sum onverges. Indeed, the C0-norm
of its remainder an be bounded by the remainder of a onverging sum, as
follows: ∥∥∥∥∥
+∞∑
j=N
ρn(ad(g)
jf)
sj
j!
∥∥∥∥∥ 6
+∞∑
j=N
R‖f‖(sC‖g‖)
j
j!
.
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where R is an n-independent upper bound for the sequene
‖ρn‖ = sup{‖ρn(h)‖C0 | ‖h‖ = 1}.
Now, let us prove our lemma. Poisson equation gives
d
ds
(ρn(f) ◦ φsρn(g)) = {ρn(f), ρn(g)} ◦ φsρn(g)
and hene
ρn(f) ◦ φs0ρn(g) = ρn(f) +
∫ s0
0
{ρn(f), ρn(g)} ◦ φs1ρn(g) ds1
= ρn(f) +
∫ s0
0
ρn([f, g]) ◦ φs1ρn(g) ds1 +
∫ s0
0
Bn(f, g) ◦ φs1ρn(g) ds1.
Then, by a simple indution, we get for all integer N :
ρn(f) ◦ φs0ρn(g) =
N∑
j=0
ρn(ad(g)
jf)
s0
j
j!
+ RN,n(s0) + SN,n(s0),
where,
RN,n(s0) =
∫ s0
0
∫ s1
0
· · ·
∫ sN
0
ρn(ad(g)
N+1f) ◦ φsN+1ρn(g)dsN+1 · · · ds1
SN,n(s0) =
N∑
j=0
∫ s0
0
∫ s1
0
· · ·
∫ sj
0
Bn(ad(g)
jf, g)) ◦ φsj+1ρn(g)dsj+1 · · · ds1
Let us now denote
‖Bn‖ = sup{‖{ρn(f), ρn(g)} − ρn([f, g])‖C0 | ‖f‖ = ‖g‖ = 1}.
By assumptions ‖Bn‖ onverges to 0.
Then,
‖RN,n(s0)‖C0 6
∫ s0
0
∫ s1
0
· · ·
∫ sN−1
0
R‖g‖NCN‖f‖dsN · · · ds1,
6 R‖f‖‖g‖
NCNsN0
N !
,
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whih proves that RN,n(s0) onverges to 0 with N , uniformly in n.
In addition,
‖SN,n(s0)‖ 6
N−2∑
j=0
∫ s0
0
∫ s1
0
· · ·
∫ sj
0
‖Bn‖‖f‖‖g‖jdsj+1 · · · ds1
We thus have ‖SN,n(s0)‖ 6 ‖Bn‖ ‖f‖ exp(so‖g‖) for any N . As a onse-
quene, letting N onverge to +∞, we get∥∥∥∥∥ρn(f) ◦ φsρn(g) −
+∞∑
j=0
ρn(ad(g)
jf)
sj
j!
∥∥∥∥∥ 6 ‖Bn‖ ‖f‖ exp(so‖g‖).
This ahieves the proof beause the right hand side onverges to 0. 
2.2 Proof of theorem 2
Let f, g ∈ g. We want to prove that {ρ(f), ρ(g)} = ρ([f, g]). We an assume
without loss of generality that ‖g‖ < 1.
By Lemma 7,
ρn(f) ◦ φsρn(g) −
+∞∑
j=0
ρn(ad(g)
jf)
sj
j!
C0→ 0.
Eah term of the sum onverges with n. Sine the sum onverges uniformly
in n, we get that for any s,
ρn(f) ◦ φsρn(g)
C0→
+∞∑
j=0
ρ(ad(g)jf)
sj
j!
.
As a onsequene, the ow generated by ρn(f)◦φsρn(g) γ-onverges to the ow
generated by
∑+∞
j=0 ρ(ad(g)
jf) s
j
j!
.
But on the other hand, the ow of ρn(f) ◦ φsρn(g) is t 7→ φ−sρn(g)φtρn(f)φsρn(g),
whih γ-onverges to φ−sρ(g)φ
t
ρ(f)φ
s
ρ(g). Indeed, ρn(g)
C0→ ρ(g) and ρn(f) C
0→ ρ(f)
whih implies that there respetive ow γ-onverges.
Therefore, t 7→ φ−sρ(g)φtρ(f)φsρ(g) is the ow of
∑+∞
j=0 ρ(ad(g)
jf) s
j
j!
. The fun-
tions being normalized,
ρ(f) ◦ φsρ(g) =
+∞∑
j=0
ρ(ad(g)jf)
sj
j!
.
Now, rst taking derivative with respet to s, we get {ρ(f), ρ(g)} = ρ([f, g]).

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2.3 Proof of theorem 5
Let us onsider the following Hamiltonian funtions on R
2
(this example is
due to Polterovih) with sympleti form written in polar oordinates rdr∧dθ.
Fn(r, θ) =
r√
n
cos(nθ),
Gn(r, θ) =
r√
n
sin(nθ).
We see that {Fn, Gn} = 1 and that Fn and Gn onverge to 0. Now, onsider
g the 3-dimensional Heisenberg Lie algebra (i.e., the Lie algebra with basis
{f, g, h} suh that [f, g] = h and [f, h] = [g, h] = 0) and set ρn(f) = Fn,
ρn(g) = Gn and ρn(h) = 1. Then, ρn is a pseudo-representation of g in
Ham(R2). The limit ρ of ρn satises ρ(f) = 0, ρ(g) = 0, ρ(h) = 1. Sine
{ρ(f), ρ(g)} 6= ρ(h), ρ is not a representation of g.
Sine g has nite dimension, this example shows that Theorem 2 is false
in general if we replae C∞0 (M) with C
infty(M) for a non-ompat manifold
M , and uniform onvergene with the uniform onvergene on ompat sets
(ompat-open topology).
If we read arefully the proof of Theorem 2, we see that the whole proof
an be repeated in this settings exept the three following points where the
ompatness of supports are needed
• Eah time we onsider the ows of the Hamiltonians, they must be
omplete. This is automati for ompatly supported Hamiltonians,
but false in general. With the notations of the proof, the ows needed
are those of ρn(f), ρ(f), ρn(g), ρ(g) and
∑+∞
j=0 ρ(ad(g)
jf) s
j
j!
.
• The funtions ρn(f), ρ(f), ρn(g), ρ(g) have to be normalized in some
sense.
• We use a C−1 bi-invariant metri. This exists on Hc(M), but we do
not know whether it exists on H(M).
The following lemma follows from the above disussion.
Lemma 8. Let M be a non-ompat sympleti manifold, g a normed Lie
algebra, and ρn a pseudo-representation of g in Ham(M), with limit ρ. Sup-
pose there exists two elements f and g in g, suh that:
• all the Hamiltonian funtions ρn(f), ρ(f), ρn(g), ρ(g) and
∑+∞
j=0 ρ(ad(g)
jf) s
j
j!
exist and have omplete ows,
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• there exists an open set on whih all the funtions ρn(f), ρ(f), ρn(g),
ρ(g) vanish identially.
• {ρ(f), ρ(g)} 6= ρ([f, g]).
Then the group of Hamiltonian dieomorphisms H(M) admits no C−1 bi-
invariant metri. 
Proof of Theorem 5: We want to apply Lemma 8. We rst onsider the ase
of S
1
. In that ase we are not able to get the seond requirement of Lemma
8, but let us show how we get the others.
We just adapt Polterovih's example by setting :
ρn(f)(s, θ) =
es/2√
n
cos(nθ),
ρn(g)(s, θ) =
es/2√
n
sin(nθ).
The sympleti form being dened on R× S1 by d(esdθ) = esds∧ dθ, we get
{ρn(f), ρn(g)} = 2. Sine ρ(f) = ρ(g) = 0 we have a pseudo-representation
of the 3-dimensional Heisenberg Lie algebra, and its limit is not a represen-
tation. We an also verify that all elements ρn(f), ρ(f), ρn(g), ρ(g) and∑+∞
j=0 ρ(ad(g)
jf) s
j
j!
exist and have omplete ows for f , g generators of the
3-dimensional Heisenberg Lie algebra, and ρn, ρ as in the example.
Sine ρ(f) = 0, ρ(g) = 0 and
∑+∞
j=0 ρ(ad(g)
jf) s
j
j!
= 2s, this is obvious for
them.
The Hamiltonian vetor eld of ρn(f) is
(
e−s/2
√
n sin(nθ)
) ∂
∂θ
−
(
1
2
√
n
e−s/2 cos(nθ)
)
∂
∂s
,
whih is equivalent through the sympletomorphism
(R× S1, d(esdθ))→ (R2 − {0}, rdr ∧ dθ)), (s, θ) 7→ (e−s/2, θ)),
to the vetor eld
(
r
√
n sin(nθ)
) ∂
∂θ
+
(
1√
n
cos(nθ)
)
∂
∂r
.
The norm of this vetor eld is bounded by a linear funtion in r. Therefore,
it is a onsequene of Gronwall's lemma that it is omplete.
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Let us onsider now the ase d = dim(N) > 3. There, we will be able to
get all the requirements of Lemma 8. Denote by γ a losed harateristi,
parameterized by θ ∈ S1. Sine the Reeb vetor eld is transverse to the
ontat struture ξ, there exists a dieomorphism that maps a neighborhood
V0 of the zero setion in the restrited bundle ξ|γ, onto a neighborhood V1
of γ in the ontat manifold N . Sine ξ|γ is a sympleti bundle over S1, it
is trivial. We thus have a neighborhood U of 0 in R2n and a dieomorphism
ψ : S1 × U → V1 ⊂ N . The pull bak of ξ by ψ is a ontat struture on
S
1 × U whih is ontatomorphi (via Moser's argument) to the standard
ontat struture dθ − pdq on S1 × U . Therefore, the above dieomorphism
ψ an be hosen as a ontatomorphism.
Then the sympletization Sγ of the losed harateristi gives a sympleti
embedding SS1 →֒ SN . This embedding admits S(S1×U) as a neighborhood.
Moreover, if we denote s, θ and x the oordinates in S(S1 × U), ψ has been
onstruted so that s and θ are onjugated variables and the diretion of x is
sympletially orthogonal to those of s and θ. That will allow the following
omputations.
Just like in the above example, we have a pseudo-representation of g if we
onsider
(ρn(f))(s, θ, x) =
χ(x)es/2√
n
cos(nθ),
(ρn(g))(s, θ, x) =
χ(x)es/2√
n
sin(nθ), (1)
and (ρn(h))(s, θ, x) = 2χ(x)
2
. Indeed, we have again {ρn(f), ρn(g)} =
ρn(h), but its limit ρ satises {ρ(f), ρ(g)} = 0 6= 1 = ρ(h) and is not
a representation. The fat that the elements ρn(f), ρ(f), ρn(g), ρ(g) and∑+∞
j=0 ρ(ad(g)
jf) s
j
j!
exist and have omplete ows follows from the ase d =
1. 
Proof of Corollary 6 Let M be a smooth manifold, and hoose a Rieman-
nian metri on it. Then, onsider the sympletization SST ∗M of the sphere
otangent bundle ST ∗M . The otangent bundle an be seen as the ompat-
iation of SST ∗M , the set at innity being the zero setion of T ∗M (or
{−∞} × ST ∗M if we see SST ∗M as R× ST ∗M).
The Reeb ow of ST ∗M projets itself to the geodesi ow on M , and the
losed harateristis are exatly the trajetories that projet themselves to
losed geodesis. Sine any losed manifold arries a losed geodesi(see [9℄),
we an onsider Example (1). It learly extends to the ompatiation (the
Hamiltonian funtions involved and all their derivatives onverges to 0 when
s goes to −∞), and we an ahieve the proof as for Theorem 5. 
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A A proof of Gromov-Eliashberg theorem.
In this setion, we show how our methods allow to reover Gromov-Eliashberg
Theorem.
Theorem 9 (Gromov, Eliashberg). The group of ompatly supported sym-
pletomorphisms Sympc(R
2n) is C0-losed in the group of all dieomorphisms
of R
2n
.
Proof. Let φn be a sequene of dieomorphisms that onverges uniformly to
a dieomorphism φ. Denote (fni ), (g
n
i ) (resp. fi, gi) the oordinate funtions
of φn (resp. φ). These oordinate funtions an be seen has Hamiltonian
funtions ane at innity (i.e., that an be written H + u with H ∈ Hamc
and u ane map). Moreover, for a given sequene (fni ) or (g
n
i ), the linear
part does not depend on n.
Sine φn is sympleti, we have:
{fni , gnj } = δij , {fni , fnj } = {gni , gnj } = 0.
Thus the oordinate funtions of φn give a pseudo-representation of the 2-
nilpotent Lie algebra g generated by elements ai, bi, c, with the relations
[ai, bj ] = δij , [ai, aj] = [bi, bj ] = 0, and [ai, c] = [bi, c] = 0.
Sine φ is sympleti if and only if
{fi, gj} = δij , {fi, fj} = {gi, gj} = 0
the proof will be ahieved if we prove that the limit of this pseudo-representation
is a representation. Consequently, we have to adapt the proof of Theorem
2 to the ase of Hamiltonian funtions ane at innity, for 2-nilpotent Lie
algebras. Gromov-Eliashberg Theorem then follows from the next two lem-
mas.
Lemma 10. Let u, v be two ane maps R2n → R and Hn, Kn be ompatly
supported Hamiltonians, suh that
Hn → H, Kn → K, {Hn + u,Kn + v} → 0.
Then {H + u,K + v} = 0.
Lemma 11. Let u, v, w be linear forms on R2n, and Hn, Kn, Gn, be om-
patly supported Hamiltonians suh that
Hn → H, Kn → K, Gn → G,
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{Hn + u,Gn + w} → 0,
{Kn + v,Gn + w} → 0,
{Hn + u,Kn + v} − (Gn + w)→ 0.
Then {H+u,G+w} = 0, {K+ v,G+w} = 0 and {H+u,K+ v} = G+w.
Let us onsider a C−1 biinvariant distane γ on Hc(R2n) whih is invariant
under the ation of ane at innity Hamiltonians (suh a ondition is learly
satised by Hofer's distane). For a sequene of Hamiltonian funtions that
are ane at innity with the same ane part, we an speak of its limit for
γ by setting:
(φHn+u)
γ→ φH+u if and only if γ((φH+u)−1φHn+u, Id)→ 0.
Moreover, if (φHn+u)
γ→ φH+u and (φKn+v) γ→ φK+v then
(φHn+uφKn+v)
γ→ φH+uφK+v.
Indeed, we have
γ((φHn+uφKn+v)
−1(φH+uφK+v), Id)
= γ(φ−1K+v(φ
−1
H+uφHn+u)φK+v(φ
−1
K+vφKn+v), Id)
6 γ(φ−1H+uφHn+u, Id) + γ(φ
−1
K+vφKn+v, Id).
Finally notie that if ‖Hn −H‖C0 → 0, then φHn+u γ→ φH+u.
We are now ready for our proofs.
Proof of lemma 10. We just adapt the proof of Cardin and Viterbo [1℄ to the
"ane at innity" ase.
First remark that the assumptions imply {u, v} = 0. Then, a simple
omputation shows that the ow
ψtn = φ
t
Hn+uφ
s
Kn+vφ
−t
Hn+u
φ−sKn+v
is generated by the Hamiltonian funtion ane at innity
∫ s
0
{Hn + u,Kn + v}(φσKn+vφtHn+u(x))dσ,
whih C0-onverges to 0 = {u, v} by assumption. Therefore, ψtn onverges
for any s and any t to Id. But on the another hand, aording to the above
remark, it onverges to φtH+uφ
s
K+vφ
−t
H+uφ
−s
K+v. Hene φ
t
H+uφ
s
K+vφ
−t
H+uφ
−s
K+v =
Id whih proves {H + u,K + v} = 0. 
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Proof of lemma 11. First notie that the assumptions imply {u, v} = w,
{u, w} = 0 and {v, w} = 0, and that the equalities {H + u,G + w} = 0,
{K + v,G+ w} = 0 follow from lemma 10. Here we onsider the ow
ψtn = φ
−ts
Gn+w
φtHn+uφ
s
Kn+vφ
−t
Hn+u
φ−sKn+v
whih is generated by
(
−s(Gn + w) +
∫ s
0
{Hn + u,Kn + v}(φσKn+vφtHn+u)dσ
)
◦ φtsGn+w.
This expression an be written
(∫ s
0
(An +Bn)dσ
)
◦ φtsGn+w,
where An = Gn − Gn(φσKn+vφtHn+u) and Bn = ({Hn + u,Kn + v} − (Gn +
w))(φσKn+vφ
t
Hn+u).
By assumption, Bn C
0
-onverges to 0 and An an be written:
An = (Gn −Gn(φtHn+u)) + (Gn −Gn(φσKn+v)) ◦ φtHn+u
=
∫ t
0
{Gn, Hn + u}dτ +
(∫ σ
0
{Gn, Kn + v}dτ
)
◦ φtHn+u
=
∫ t
0
{Gn + w,Hn + u}dτ +
(∫ σ
0
{Gn + w,Kn + v}dτ
)
◦ φtHn+u,
whih implies that An C
0
-onverges to 0 too. It follows that the generating
Hamiltonian of ψtn C
0
-onverges to 0, and hene that ψtn γ-onverges to Id.
Sine it also onverges to ψt := φ−tsG+wφ
t
H+uφ
s
K+vφ
−t
H+uφ
−s
K+v, we get ψ
t = Id
for any s and t. Thus, the generating Hamiltonian of ψt vanishes identially:(
−s(G+ w) +
∫ s
0
{H + u,K + v}(φσK+vφtH+u)dσ
)
◦ φtsG+w = 0.
But sine G+ w ommutes with H + U and K + v, we get:
∫ s
0
({H + u,K + v} − (G+ w))(φσK+vφtH+u)dσ = 0.
Taking derivative with respet to s, we obtain {H + u,K + v} − (G+ w) =
0. 
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B Few additional remarks using the theory of
distributions.
The following results on Poisson brakets are obtained with the help of dis-
tributions. No assumptions are made on the Lie algebra generated by the
Hamiltonian funtions. They show in a ertain way why it is diult to nd
examples of pseudo-representations whose limit is not a representation.
Proposition 12. If Fn C
2
-onverges to F and Gn C
0
-onverges to G. Then,
{Fn, Gn} onverges to {F,G} in the sense of distributions. As a onsequene,
if {Fn, Gn} C0-onverges to H, then {F,G} = H.
Proof. For any smooth ompatly supported funtion φ,
〈{Fn, Gn}, φ〉 =
∫
∂Gn
∂q
∂Fn
∂p
φ−
∫
∂Gn
∂p
∂Fn
∂q
φ
= −
∫
Gn
∂
∂q
(
∂Fn
∂p
φ
)
+
∫
Gn
∂
∂p
(
∂Fn
∂q
φ
)
.
By assumption, the integrands C0-onverge and hene the integrals onverge
to − ∫ G ∂
∂q
(
∂F
∂p
φ
)
+
∫
G ∂
∂p
(
∂F
∂q
φ
)
whih equals 〈{F,G}, φ〉. 
Proposition 13. If Fn C
0
-onverges to F , Gn C
0
-onverges to G and {Fp, Gq}
C0-onverges to H when p and q go to innity, then {F,G} = H.
Proof. Take one again a ompatly supported smooth funtion φ. Write
〈{Fp, Gq} − {F,G}, φ〉 = 〈{Fp − F,Gq}, φ〉+ 〈{F,Gq −G}, φ〉.
By Proposition 12, the rst term onverges to 0. Hene for all ε > 0, there
exists an integer q0 suh that for any q > q0, |〈{F,Gq −G}, φ〉| 6 ε.
Similarly, for eah xed q, there exists an integer p0 suh that for any
p > p0, |〈{Fp − F,Gq}, φ〉| 6 ε.
Therefore, for all ε and all integers p1, q1, we an nd p > p1, q > q1 suh
that |〈{Fp, Gq} − {F,G}, φ〉| 6 2ε.
Thus we an onstrut two extrations χ, ψ suh that 〈{Fχ(n), Gψ(n)} −
{F,G}, φ〉 onverges to 0. Sine we have 〈{Fχ(n), Gψ(n)} − H, φ〉 → 0, it
implies 〈{F,G}, φ〉 = 〈H, φ〉, and this equality holds for any φ. 
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